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EVOLVING GROUPS
MIMA STANOJKOVSKI
Abstract. The class of evolving groups is defined and investigated, as well
as their connections to examples in the field of Galois cohomology. Evolv-
ing groups are proved to be Sylow Tower groups in a rather strong sense.
In addition, evolving groups are characterized as semidirect products of two
nilpotent groups of coprime orders where the action of one on the other is via
automorphisms that map each subgroup to a conjugate.
1. Introduction
Let G be a group. We say that G is evolving if it is finite and if, for every prime
number p and for every p-subgroup I of G, there exists a subgroup J of G that
contains I and such that |G : J | is a p-power and |J : I| is coprime to p. In Section
2 we show that normal subgroups and quotients of evolving groups are evolving,
while arbitrary subgroups are not necessarily evolving. In Section 3 we prove the
following result involving Tate cohomology groups.
Theorem A. Let G be a finite group. Then the following are equivalent.
i. For every G-module M , for every integer q, and for every c ∈ Ĥq(G,M),
the minimum of the set {|G : H | : H ≤ G with c ∈ kerResGH} coincides
with its greatest common divisor.
ii. For every G-module M and for every element c ∈ Ĥ0(G,M), the minimum
of the set {|G : H | : H ≤ G with c ∈ kerResGH} coincides with its greatest
common divisor.
iii. The group G is evolving.
Condition (i) from Theorem A is inspired, via Galois cohomology, by the following
examples (for more information concerning the connection to cohomology groups
see e.g. [Ber10, Ch. V.14.2, VIII, IX]).
Example. Let k be a field and let n be a positive integer. Moreover, let a be a
non-zero element of k. Then the least degree of the irreducible factors of xn − a
over k divides all other degrees.
Example. Let k be a field and let Br(k) denote the Brauer group of k, i.e. the
group of similarity classes of central simple algebras over k, endowed with the
multiplication ⊗k. If [A] ∈ Br(k), then an extension ℓ/k is said to split A if
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[A⊗k ℓ] = [ℓ] and the minimal degree of finite separable extensions of k that split
A over k divides all other degrees (see for example [GT06, Ch. 4.5]).
Example. Let k be a field and let C be a smooth projective absolutely irreducible
curve of genus 1 over k. As a consequence of the Riemann-Roch theorem, as
explained for example in [LT58, §2], the least degree of the finite extensions of k
for which C has a rational point divides all other degrees.
In the course of our investigation of evolving groups we come upon a peculiar family
of Sylow Tower groups: we say that a finite group G is prime-intense if it possesses
a collection (Sp)p||G| ∈
∏
p||G| Sylp(G) of Sylow subgroups with the property that,
for all primes p > q dividing |G|, one has Sq ⊆ NG(Sp) and, for each subgroup H
of Sp and each x ∈ Sq, the subgroups xHx−1 and H are Sp-conjugate. In Section
5 we prove the next two results.
Theorem B. A finite group is evolving if and only if it is prime-intense.
Proposition C. Evolving groups are supersolvable.
Given a group G, we say that an automorphism of G is intense if it maps each
subgroup of G to a conjugate and we denote by Int(G) the collection of such auto-
morphisms. We prove some basic facts about intense automorphisms in Section 4
and, in Section 6, we prove the following.
Theorem D. Let G be a finite group. Then the following are equivalent.
i. The group G is evolving.
ii. There exist nilpotent groups N and T of coprime orders and a group ho-
momorphism φ : T → Int(N) such that G = N ⋊φ T .
Theorems A and D can be generalized to profinite groups. Indeed, pro-evolving
groups can be characterized by an analogue of Theorem A(i) where Tate groups are
replaced by cohomology groups of positive degree, modules by discrete modules, and
subgroups by open ones. Extending Theorem D, one can prove that pro-evolving
groups are semi-direct products of two pro-nilpotent groups of coprime orders where
the action is given by automorphisms sending each closed subgroup to a conjugate.
Given the origins of evolving groups, it would be interesting to determine which
pro-evolving groups can be realized as absolute Galois groups of a field.
2. Evolving groups
The current section is dedicated to subgroups and quotients of evolving groups.
We prove that quotients of evolving groups are evolving and that the same applies
to their normal subgroups, while arbitrary subgroups of evolving groups are not
necessarily evolving. We present an example of a an evolving group with a non-
evolving subgroup after proving Proposition 2.
Definition 1. Let G be a finite group and let p be a prime number. Let I be a
p-subgroup of G. We say that J is a p-evolution of I in G if J is a subgroup of G
with the following properties:
i. the subgroup I is contained in J ; and
ii. the index |G : J | is a power of p; and
iii. the prime p does not divide |J : I|.
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In a finite group G, each Sylow p-subgroup has a p-evolution, namely G. In general,
however, p-evolutions of arbitrary p-subgroups might not exist. For instance, the
trivial subgroup of the alternating group A5 has a 5-evolution, but no 2-evolution.
The finite groups in which every p-subgroup has a p-evolution are exactly the evolv-
ing groups.
Lemma 2. Let G be an evolving group and let N be a normal subgroup of G. Then
both N and G/N are evolving groups.
Proof. Let p be a prime number. Then, for every p-subgroup I of N and for every
p-evolution K of I in G, the subgroup J = N ∩K is a p-evolution of I in N . This
proves that N is evolving. Let now I/N be a subgroup of G/N such that |I : N |
is a p-power. Let Ip be a Sylow p-subgroup of I and let J be a p-evolution of Ip
in G; then Ip belongs to Sylp(J). Let moreover q 6= p be a prime number and let
Jq ∈ Sylq(J). Then Jq belongs to Sylq(G) and thus Jq ∩ N is a Sylow subgroup
both of N and, |I : N | being a p-power, of I. As a consequence, J contains I and
J/N is a p-evolution of I/N in G/N . It follows that G/N is evolving.
Let p be an odd prime number and define the group
G =



λ u v0 1 w
0 0 λ−1

 : u, v, w ∈ Fp, λ ∈ F∗p

 ,
which is isomorphic to a semidirect product Heis(Fp)⋊F
∗
p. With N = Heis(Fp) and
T the set of diagonal matrices of G, Theorem D yields that G is evolving. On the
other hand, the subgroup W of G corresponding to the collection of matrices with
w-entry equal to 0 is not evolving. To show so, one can display a subgroup with no
evolution or build a contradiction to Theorem D using results from Section 4.
3. The proof of Theorem A
The aim of the present section is to give the proof of Theorem A. We refer to
Chapter IV from [CF67] for basic concepts concerning group cohomology and Tate
cohomology groups in particular. In order to prove Theorem A, we reduce to
the case in which the cocycles have order equal to a prime power. We will use
that, if G is a finite group, M a G-module, and (Sp)p||G| a collection of Sylow
p-subgroups of G, then, for example as a consequence of Corollary 3 from [CF67,
Ch. IV], the homomorphism Ĥq(G,M) →
⊕
p||G| Ĥ
q(Sp,M) that is defined by
c 7→ (ResGSp(c))p||G| is injective.
Lemma 3. Let G be a finite group, let M be a G-module, and let q be an integer.
Let moreover p be a prime number, let c ∈ Ĥq(G,M) be of order a power of p, and
assume that every p-subgroup of G has a p-evolution in G. Then the minimum of
the set {|G : H | : H ≤ G with c ∈ kerResGH} coincides with its greatest common
divisor and it is a p-th power.
Proof. Let r 6= p be a prime number and let Sr ∈ Sylr(G). Being annihilated by
both a power of p and a power of r, the restriction of c to Sr is zero. Let now Ip be
a p-subgroup of maximal order of G with the property that ResGIp(c) = 0 and let
Jp be a p-evolution of Ip in G. The subgroup Ip being a Sylow p-subgroup of Jp, it
follows that c is zero when restricted to a selected family of Sylows of Jp and thus
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ResGJp(c) = 0. Moreover, from the maximality of Ip, it follows that |G : Jp| is the
greatest common divisor of the set {|G : H | : H ≤ G with c ∈ kerResGH}, which is
then also a p-th power.
Proposition 4. Let G be an evolving group. Let, moreover, M be a G-module,
let q be an integer, and let c ∈ Ĥq(G,M). Then the minimum and the greatest
common divisor of the set {|G : H | : H ≤ G with c ∈ kerResGH} coincide.
Proof. Write c =
∑
p||G| cp, with cp in the p-primary component of Ĥ
q(G,M). By
Lemma 3, for every prime p, there exists a subgroup Jp ≤ G such that |G : Jp|
is a p-power and it is both the minimum and the greatest common divisor of the
set {|G : H | : H ≤ G with cp ∈ kerRes
G
H}. For each prime p, fix Jp and define
L =
⋂
p||G| Jp. Then Res
G
L (c) = 0 and |G : L| divides the index in G of every
subgroup on which the restriction of c vanishes. Indeed, if K is a subgroup such
that ResGK(c) = 0, then, for every prime p, one has Res
G
K(cp) = 0 from which it
follows that |G : Jp| divides |G : K| and thus |G : L| =
∏
p||G| |G : Jp| divides
|G : K|.
For the second part of the proof of Theorem A, we will use a convenient description
of the Tate groups in degree 0 in terms of permutation modules.
Definition 5. Let G be a group and let X be a finite G-set. The permutation
module associated to X is the set M = ZX together with the left action G →
Sym(M) that is defined by g 7→ (f 7→ (x 7→ f(g−1x))).
Let G be a group, let X be a finite G-set, and let M be the permutation module
associated to X . Then f ∈ H0(G,M) if and only if, for any choice of x ∈ X and
g ∈ G, one has f(x) = (gf)(x) = f(g−1x) and therefore H0(G,M) consists precisely
of the functions X → Z that are constant on each G-orbit.
Proposition 6. Let G be a finite group and let X be a finite G-set. Let M be the
permutation module associated to X. Then the map
γG : Ĥ
0(G,M) −→
⊕
Gx∈G\X
Z/|Gx|Z
that is defined by [f ] 7→ (f(x) mod |Gx|)Gx∈G\X is an isomorphism of groups.
Moreover, if H is a subgroup of G, then the following diagram is commutative
Ĥ0(G,M)
γG
−−−−→
⊕
Gx∈G\X Z/|Gx|Z
Res
G
H
y ypi
Ĥ0(H,M)
γH
−−−−→
⊕
Gx∈G\X
⊕
Hy∈H\Gx Z/|Hy|Z
where π is the projection map, which, restricted to each Gx-th direct summand,
sends the element m mod |Gx| to (m mod |Hy|)Hy∈H\Gx.
Proof. With standard arguments it can be seen that γG is a well-defined surjective
group homomorphism and that the above diagram is commutative. We prove injec-
tivity. To this end, we recall that Ĥ0(G,M) is the cokernel of the homomorphism
M → H0(G,M) that is defined by m 7→
∑
g∈G gm. Let now f ∈ H
0(G,M) be such
that γG([f ]) = 0. Then, for all Gx ∈ G\X , the order of Gx divides f(x), i.e. there
EVOLVING GROUPS 5
exists an element φx ∈ Z such that f(x) = |Gx|φx. Choose now a representative
x for each orbit Gx and define φ : X → Z by sending x to φx and all other orbit
elements to 0. Then [f ] = [(
∑
g∈G g)φ] = [0] and so γG is injective.
Until the end of Section 2, we will identify c ∈ Ĥ0(G,M), for a fixed permutation
module M , with its image under γG and, similarly, we will identify the restriction
of c to a subgroup H of G with πγG(c).
Lemma 7. Let G be a finite group and let H,K be subgroups of G. Set M = ZG/K
and let m ∈ Ĥ0(G,M). Then the following are equivalent.
i. One has ResGH(m) = 0.
ii. For all g ∈ G, there exists mg ∈ Z/|K|Z such that |gKg−1 ∩H |mg = m.
Proof. This follows directly from Proposition 6 and the fact that, for each g ∈ G,
one has HgK = H ∩GgK = H ∩ gKg−1.
Lemma 8. Let p be a prime number, let ordp denote the p-adic valuation, and let
α ∈ Z≥0. Let moreover G be a finite group, let S be a Sylow p-subgroup of G, and
let I be a subgroup of G of order pα. Define
L = {L ≤ G : |L| = |I| and L 6= gIg−1 for all g ∈ G}
and
M = ZG/S ⊕
(⊕
L∈L
Z
G/L
)
.
Let H be a subgroup of G and define c = (m, (mL)L∈L) ∈ Ĥ
0(G,M) by{
m = pα mod |S|
mL = p
α−1 mod |L|, for all L ∈ L.
Then ResGH(c) = 0 if and only if ordp |H | ≤ α and, if equality holds, every Sylow
p-subgroup of H is conjugate to I in G.
Proof. Thanks to Lemma 7, one has ResGH(m) = 0 if and only if, for all g ∈ G, the
order of H ∩ gSg−1 divides pα and thus a necessary condition for ResGH(c) to be
zero is that ordp |H | ≤ α: we now assume so and prove that such condition is also
sufficient. If α = 0 we are done, otherwise fix L ∈ L. Then ResGH(mL) = 0 if and
only if, for all g ∈ G, the order of H ∩ gLg−1 divides pα−1. If ordp |H | ≤ α − 1,
this last condition is always satisfied. On the other hand, if ordp |H | = α, then
H ∩ gLg−1 divides pα−1 if and only if H does not contain conjugates of L. In such
case, it follows from the definition of L that the Sylow p-subgroups of H are all
conjugate to I.
Proposition 9. Let G be a finite group such that, for every G-module M and
for every c ∈ Ĥ0(G,M), the minimum and the greatest common divisor of the set
{|G : H | : H ≤ G with c ∈ kerResGH} coincide. Then G is evolving.
Proof. Let p be a prime and let I be a p-subgroup of G. We will construct
a p-evolution J of I. Define α = ordp |I|. Let S ∈ Sylp(G) and let L and
M be as in Lemma 8. Thanks to Proposition 6, we identify Ĥ0(G,M) with
Z/|S|Z ⊕
(⊕
L∈L Z/|I|Z
)
. Let c ∈ Ĥ0(G,M) be as in Lemma 8, which then
yields ResGI (c) = 0, but the restriction of c to subgroups of higher p-power or-
der is non-zero. Moreover, ResGSr(c) = 0 for every prime number r 6= p and
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for every Sr ∈ Sylr(G). It follows that the greatest common divisor of the set
{|G : H | : H ≤ G with c ∈ kerResGH} is equal to p
ordp |G|−α and so there exists a
subgroup K with index |G : K| = pordp |G|−α such that ResGK(c) = 0. Fix such K.
Then, thanks to Lemma 8, the subgroup K does not contain any p-subgroup of
order pα which is not G-conjugate to I. As a result, there exists g ∈ G such that
gIg−1 ≤ K, making J = g−1Kg a p-evolution of I.
Theorem A follows from Propositions 4 and 9.
4. Intense automorphisms
Let G be a group. We call an automorphism α of G intense if, for each subgroup
H of G, there exists x ∈ G such that α(H) = xHx−1 and we denote the collection
of intense automorphisms of G by Int(G). The next result collects some basic
properties of intense automorphisms, while Lemma 11 provides us with examples
of intense automorphisms that are not inner.
Lemma 10. Let G be a group and let N be a normal subgroup of G. Then the
following hold.
i. There is a natural map Int(G)→ Aut(N), given by α 7→ α|N .
ii. The natural projection G → G/N induces a homomorphism of groups
Int(G)→ Int(G/N).
Lemma 11. Let p be a prime number and let V be a vector space over the finite
field Fp of p elements. Then one of the following holds.
i. One has V = 0.
ii. The natural map F∗p → Aut(V ) induces an isomorphism F
∗
p → Int(V ).
Proof. Assume V 6= 0. Since V is abelian, every one-dimensional subspace of V is
stable under the action of Int(V ). It follows that, for all v ∈ V \{0} and α ∈ Int(V ),
there exists (a unique) µ(α, v) ∈ F∗p such that α(v) = µ(α, v)v. Moreover, such
µ(α, v) is independent of the choice of v thanks to the linearity of α. We fix v ∈ V \
{0} and define µ : Int(V )→ F∗p by α 7→ µ(α, v), which is an injective homomorphism
by construction. Moreover, µ is surjective, because scalar multiplication by any
element of F∗p is intense.
Lemma 12. Let G be a finite group and let A be a subgroup of Aut(G) of order
coprime to that of G. Then the following are equivalent.
i. The group A is contained in Int(G).
ii. For each subgroup H of G, there exists x ∈ G such that, for each α ∈ A,
one has α(xHx−1) = xHx−1.
Proof. Showing (ii)⇒ (i) is an application of the definitions; we prove that (i)⇒
(ii). Write X = {xHx−1 : x ∈ G}. Then G acts on X by conjugation and A acts
on X via intense automorphisms. The actions are compatible and the action of
G is transitive. In this situation Glauberman’s Lemma [Isa08, Lemma 3.24] yields
that there exists an element of X that is fixed by A.
We remark that, with the notation from Lemma 12, Glauberman’s Lemma would
require that at least one between G and A is solvable. To avoid the problem, we
could rely on the Odd Order Theorem, however in our applications G will always
be a p-group and therefore solvable.
EVOLVING GROUPS 7
5. The proof of Theorem B
In this section we show that evolving groups are supersolvable and give the proof
of Theorem B.
Definition 13. Let G be a finite group and let π be the set of prime divisors of
|G|. A Sylow family of G is an element (Sp)p∈pi ∈
∏
p∈pi Sylp(G) with the property
that, if p, q ∈ π with q < p, then Sq normalizes Sp in G.
To lighten the notation, given a Sylow family S = (Sq)q∈pi of G and a prime p
dividing the order of G, we will write
T Sp = 〈Sq | q < p〉 and L
S
p = 〈Sq | p < q〉.
It is an easy exercise to show that, if π¯ is a subset of π, then the subgroup 〈Sq | q ∈ π¯〉
has order
∏
q∈p¯i |Sq|. As a result, for each prime number p in π, one has that
G = LSp ⋊ (Sp ⋊ T
S
p ). We will simply write G = L
S
p ⋊ Sp ⋊ T
S
p .
Lemma 14. Let G be a finite group and let S = (Sp)p∈pi and R = (Rp)p∈pi be
Sylow families of G. Then there exists x ∈ G such that, for all p ∈ π, one has
Rp = xSpx
−1.
Proof. We work by induction on the order of G. To this end, let p be the largest
prime number dividing the order of G. Then Sp = Rp and so the Schur-Zassenhaus
theorem yields the existence of g ∈ G such that TRp = gT
S
p g
−1. Fix such g.
Then (Rq)q<p and (gSqg
−1)q<p are Sylow families of T
R
p and so, by the inductive
hypothesis, we are done.
We call a finite group G prime-intense if it has a Sylow family S = (Sp)p∈pi such
that, for every prime p ∈ π, the image of the action T Sp → Aut(Sp) is contained in
Int(Sp).
Proposition 15. Every finite prime-intense group is evolving.
Proof. Let G be a finite prime-intense group and let S = (Sq)q∈pi be a Sylow family
of G. Let moreover p be a prime number and let I be a p-subgroup of G, which we
assume, without loss of generality, to be contained in Sp. The group G being prime-
intense, Lemma 12 yields that there exists s ∈ Sp such that T Sp normalizes sIs
−1.
Fix s and define K = LSp ⋊ sIs
−1
⋊ T Sp . Then |G : K| is a p-power and |K|/|I| is
not divisible by p. It follows that the subgroup J = s−1Ks is a p-evolution of I in
G and so G is evolving.
Lemma 16. Every evolving group has a Sylow family.
Proof. Let G be an evolving group. We will work by induction on the order of
G. Assume without loss of generality that G is non-trivial and let p and r be
respectively the largest and smallest prime dividing |G|. We claim that G has a
unique Sylow p-subgroup. If p = r, we are clearly done so we assume p > r. Let R
be a Sylow r-subgroup of G and let T be a subgroup of index r in R. The group
G is evolving and so there is an r-evolution J of T in G, which has then index r
in G. The prime r being the smallest prime dividing the order of G, the subgroup
J is normal and hence, by Lemma 2, evolving. By the induction hypothesis, there
is a unique Sylow p-subgroup P in J , which is also the unique p-Sylow of G. This
proves the claim. Let now Sp be the unique Sylow p-subgroup of G and let Tp
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be a complement of it in G, as given by the Schur-Zassenhaus theorem. Lemma
2 yields that Tp is evolving and so, thanks to the induction hypothesis, Tp has a
Sylow family (Sq)q∈pi\{p}. As a consequence, the family (Sq)q∈pi is a Sylow family
of G.
Proposition 17. Every evolving group is prime-intense.
Proof. Let G be an evolving group and let S = (Sq)q∈pi be a Sylow family of G,
as given by Lemma 16. Assume without loss of generality that G is non-trivial, let
p be the largest prime dividing |G| and write G = Sp ⋊ T Sp . Let moreover I be
a subgroup of Sp and let J be a p-evolution of I in G. We will exibit an element
s ∈ Sp such that T Sp is contained in NG(sIs
−1). By comparing orders, we see that
G = SpJ and that Sp ∩ J = I. As a consequence, I is normal in J and so, by the
Schur-Zassenhaus theorem, I has a complement T in J , which is also a complement
of Sp in G. Moreover, there is an element s ∈ Sp such that T
S
p = sT s
−1 and hence
sIs−1 is normalized by T Sp . Let now q be any prime number dividing the order of
G and write G = LSq ⋊ Sq ⋊ T
S
q . The subgroup L
S
q being normal in G, Lemma
2 ensures that Sq ⋊ T
S
q is evolving. Now q is the largest prime which divides the
order of Sq ⋊ T
S
q and so, for every subgroup I of Sq, there exists s ∈ Sq such that
T Sq normalizes sIs
−1. We are done thanks to Lemma 12.
Theorem B follows from Propositions 15 and 17.
We conclude the present section by giving the proof of Proposition C. To this
end, let G be an evolving group, which is prime-intense by Proposition 17, and let
S = (Sq)q∈pi be a Sylow family of G. To prove that G is supersolvable, we will work
by induction on its order. If G is the trivial group, then G is supersolvable, so we
assume that G is non-trivial and we let p be the largest prime dividing |G|. Then
Sp is normal in G and T
S
p is prime-intense. It follows from the induction hypothesis
that T Sp is supersolvable. Let now the normal series 1 = I0 ≤ I1 ≤ · · · ≤ Ir = Sp be
such that, for every j ∈ {0, . . . , r− 1}, one has |Ij+1 : Ij | = p and fix j ∈ {0, . . . , r}.
Thanks to Lemma 12, there exists s ∈ Sp such that T Sp normalizes sIjs
−1 = Ij .
Since G = Sp ⋊ T
S
p , the subgroup Ij is normal in G and thus G is supersolvable.
6. The proof of Theorem D
In the present section we prove Theorem D by building a graph incorporating some
structural properties of evolving groups, which we have proven to be prime-intense
in Section 5.
Let G be an evolving group and let π be the collection of prime numbers dividing
the order of G. Let moreover S = (Sp)p∈pi be a Sylow family of G. Then Lemmas
10 and 11 yield, for each p ∈ π, a sequence of maps
T Sp → Int(Sp)→ Int(Sp/Φ(Sp))→ F
∗
p,
whose composition T Sp → F
∗
p we denote by λp. We define the graph Γ = (V,E)
associated to G to be the directed graph with
V = π and E = {(q, p) : p, q ∈ V, q < p, λp(Sq) 6= 1}.
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The source and target maps s, t : E → V are respectively defined, for each (q, p) ∈
E, by s(q, p) = q and by t(q, p) = p. We define additionally
πs = s(E), πt = t(E) and π0 = π \ (πs ∪ πt).
Note that the the graph associated to G does not depend on the choice of S. In
particular, the sets πs, πt, and π0 are uniquely determined by G and they form a
partition of π, as a consequence of the following result.
Proposition 18. Let G be an evolving group and let Γ = (V,E) be the graph
associated to it. Then πs ∩ πt = ∅, i.e. there are no consecutive edges in Γ.
Proof. Let p, q, r ∈ V be such that p > q > r and let (q, p) be an element of E.
We will show that λq(Sr) is trivial. Since (q, p) ∈ E, the subgroup λp(Sq ⋊ Sr)
is non-trivial: we choose g ∈ Sr and we choose s ∈ Sq such that s does not map
to the identity in F∗p. Since F
∗
p is abelian, the element [s, g] maps to 1 and so
gsg−1 ≡ s mod (kerλp ∩ Sq). The group λp(Sq) being non-trivial, kerλp ∩ Sq is a
proper subgroup of Sq and therefore so is the subgroup L = (kerλr ∩ Sq)Φ(Sq).
Since gsg−1 ≡ s mod L, the group Sq/L is a non-zero quotient space of Sq/Φ(Sq)
on which the action of Sr is trivial. Lemma 11 yields the triviality of λq(Sr).
Theorem 19. Let G be an evolving group and let (Sp)p∈pi be a Sylow family of G.
Then one has
G =
( ∏
p∈pit
Sp ⋊
∏
p∈pis
Sp
)
×
∏
p∈pi0
Sp.
Proof. Let Γ = (V,E) be the graph associated to G. We recall that, if p is a prime
number and S is a finite p-group, then the kernel of the natural map Aut(S) →
Aut(S/Φ(S)) is a p-group. It follows that, for a pair (q, p) ∈ V 2 with q < p, if
λp(Sq) is trivial, then so is the image of Sq in Int(Sp). Lemma 18 now yields that,
if π∗ ∈ {πs, πt, π0}, then any two elements of (Sq)q∈pi∗ centralize each other and
that, for (q, p) ∈ π0 × π, one has [Sq, Sp] = {1}.
We close the current section by giving the proof of Theorem D. The implication
(i) ⇒ (ii) follows directly from Theorem 19, so we prove the other. Let p and
q be respectively prime divisors of |N | and |T | and let (Sp, Sq) be an element
of Sylp(N) × Sylq(T ). Then, whenever p < q, the sequence Sq → Int(Sp) →
Int(Sp/Φ(Sp)) → F
∗
p that is derived from Lemmas 10 and 11 has trivial image.
Since the kernel of the map Int(Sp) → Int(Sp/Φ(Sp)) is a p-group, it follows that,
if the action of Sq on Sp is non-trivial, then p > q. We have proven that G is
prime-intense and so, by Theorem B, evolving.
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